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Andrés Gilyén (Alfréd Rényi Institute of Mathematics)

Feel free to skip exercises that you find too easy, too hard, or less interesting. At page || you
can find some hints where indicated by (H).

Exercises

1.) (H) Linear Combination of Unitaries:
Suppose that U = >, |i)i| ® U;, and P : |0) — . \/pi|i) for p; € [0,1].
Show that (PT® I)U(P ® I) is a block-encoding of the convex combination Y, p;Uj.
In particular show that if ((0| ® I)U;(|0) ® I) = A;, then it is a block-encoding of

> pidi.

How can you generalize this to linear combinations, e.g., add signs to some p;?

2.) (H) Product of block-encoded unitaries:
Let A, B € C?*"*2" and Ua, Up block-encodings such that A = ((0%| @ INU4(|0%) ® I), B =

(0% ® I)Up(|0*) @ I). Construct an (a + 1)-ancilla block-encoding of AB with a single use of
UA and UB.

3.) (H) Szegedy walk as a block-encoding:

Let P be a symmetric (column) stochatic matrix, and consider the following coherent version of
a step of a corresponding random walk:

U 10)1) = 3 Vil

Show that UT - SWAP - U is a block-encoding of P!
4.) Understanding singular value decompositions:

01 01
a.) LetA(O 0>andB<1 O).

1.

What is the singular value decomposition of A7

111.

1v.

)

ii.) Give a singular value decomposition of B!
) What is the eigenvalue decomposition of B?
)

Give a singular value decomposition of B where the right singular vectors coincide with
the eigenvectors!

b.) Let A = UTSV = Yoty oilui)vi|, where u;,v; are the columns of the unitaries U,V and
01> 09> ... > 0y > 0 are the singular values of A. Prove that ATA = ST o2 |v; )vy).

i=1%i
c.) (H) We know that every Hermitian matrix H € C"*" has a decomposition of the from

Yoy Aili)ahi|, where A; € R and (1;]1)j) = 0;5. Prove that every A € C™*™ has a singular
value decomposition.
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5.)

7.

(H) Prove the theorem below on Quantum Eigenvalue Transformation (QEVT):

Let R € CV*N be a Hermitian unitary, i.e., a reflection matrix, with the following block-

decomposition
A B
(5 p)

where the blocks A = A, D = D are square matrices, but B, Bf may be rectangular. Let II
be the orthogonal projector (that is actually a diagonal matrix with 0,1 diagonal entries) such
that

A=IRI, B=UR(I-1), B'=(-I)RI, D=(—I)R(I 1)
Let us define Zpj(¢) := €Il + e~ (I — II), and for ® = (¢g, d1, P, ..., ¢q) let
Ro := Znu(¢a) - R Zn(¢s) - R- Zn(g2) - R+ Zn(é1) - R+ Zu(¢o)-

Theorem 1. Let ® = (¢, ¢1,d2,...,04q), then

B Py(A)  B-Q(D)
fia = < Bl .Qa(4)  Py(D) > W

where the polynomials Py, Qo € Clz] are determined by by the recurrence relations
d=0: Plgo) = 6i¢>0’ Qo) =0,

d—d+1: { P(¢07¢1,~..7¢d7¢d+1) - ei_d)‘c:;l (wP(¢07¢17~--»¢d)(x) + (1 - xz)Q(%,(ﬁL...,qﬁd) (37))’
Qb0,61,babast) =€ T (Pgg,1,00) (T) = TQ(g0,61,....60) (T))-

In particular the polynomials Py, Qg € Clx| are such that

1.) deg(Py) < d and’| deg(Qs) < d —1,
2.) Py has pam’tzﬂ d and Qs has parity d — 1,
3.) |Po(x)|> + (1 — 22)|Qs(z)|?> = 1 for all z € [-1,1].

Moreover, if a pair of polynomials P,Q € C[x] satisfies properties |IN2{5 and deg(P) = d, then
there exists a sequence of “phases” ® = (po, ¢1,¢2,...,Pq) such that P = Py and Q = Qg.

Note: a slight generalization gives the QSVT version which can be proven the same way, see
https://gilyen.hu/teaching/AdditionalMaterial.pdf.

Matrix-element-wise reweighing in the energy basis via weighted Heisenberg evolution:

Suppose that for all v € R we have f(v) = [ f(t) exp(itv)dt. Let H = > Eili)1i| be an
orthonormal eigendecomposition of the Hermitian matrix H, then

F(B: — E)) (il Al;) = (] ( | o exp(z'tH)Aexp(—z‘tH)dt) 55).

(H) Quadratic Chebyshev truncation of monomials:
Let Y; € {—1,1} be discrete i.i.d. uniform random variables and let Dy := »"7 | Y;. Let Ty(x)
be the degree-d Chebyshev polynomial of the first kind.

*Our convention is that the 0 polynomial has degree —co.
fA polynomial is even / odd when all its non-zero coefficients are for even / odd powers. By parity d we mean the
parity of the number d, i.e., even if d is even and odd if d is odd.


https://gilyen.hu/teaching/AdditionalMaterial.pdf
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Theorem 2. For every s > 0 integer we have that z° = v E v [Tp,(x)].
1y ts

Let x(|Ds| < d) be the indicator for the event |Ds| < d, then for all x € [—1, 1] we also have that
d2

E [Tp,(x)x(|Ds| < d)] — 2°| < 2exp™ 2 .
Yi,...,Ys

(H) Periodic discretized wrapping and taking the respective Fourier transforms “commute”:
Prove the following property connecting discrete and continuous Fourier transformations.

Theorem 3. Consider the Fourier transform f(w) ::\/% ff;e_i“’tf(t)dt of a function f € Ly (R).

Suppose that a “wrapped around” version of f can be defined such that p(t) = > °° flt+

n=-—00
niNtg) for almost every t € R (i.e., the set of points where the equality does not hold has

Lebesgue measure 0), p(t) is continuous at every t € Zty and Riemann integrable on the interval

[—%to, %to]. Let wy = 2—?0; if the sequence k - f(kwo): k € Z is bounded in absolute value, then

the limit p(w) := limp_, o0 Zf:_B f(@+CNwy) exists for every @ € Zwy and p(@) is the discrete
Fourier transform of p(t), i.e.,

@) = = S ey, (2)
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Hints
Exercise [ Compute ((0](0| ® I) - (PT @ NU(P®I) - (|0)]0) ® I)

Exercise 2 Consider (I; ® Uy)(NTOFF, ® I,,,)(X ® Up) where the identities I} act on k qubits and the
a-qubit nil-controlled Toffoli is NTOFF, = I,41 + (X — I1) ® [0%)(0%.

Exercise B Compute ((0|(i|UT) - SWAP - U|0)]5)
Exercise @lid For the spectral decomposition ATA = 3" | \;[4);)(v;| study overlaps between the vectors Ali;).

Exercise [B} Use induction and the observation that

A B A B A+ BBY  AB+ BD
iy T iy = . =
[=RE=RE <BT D> (BT D> (BTAJrDBT B'B + D?
A full proof can be found in https://gilyen.hu/teaching/AdditionalMaterial.pdf.

Exercise [l The Chebyshev polynomials of the first kind are defined for all d € Z via T4(cos ) = cos(d - 0).
Use inductively their recursion relation

_ Taa(2) + Taga ()
5 .

Vd e Z: x-Ty(x)

For the error bound use Chernoff bound. A full proof can be found in [SV14, Theorem 3.1-3.3].

Exercise & Let f: [0,27] — C be a 2m-periodic Riemann-integrable function and let
R 1 2m
f(r):=— f(t) exp(—irt)dt.
2T 0
A well-known variant of the inversion theorem in the theory of Fourier series states (cf. [KG688,
Theorem 15.3])) that if f(r) = O(1/r) as r — oo, moreover f is continuous at ¢, then

n

lim Z f(r) exp(irt) = f(¢).

r=—n

For a full proof of Theorem [3|see [CKBG23| Fact A.1].
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Some Solutions

Exercise 2

(09T @ I,,,) (I} ® U4)(NTOFF, ® I,,)(X @ Ug)(|0°"Y) @ I,,,)
=((0°M| @ Lp) (I ® Ua)(X ®@ Up)(|0°") & I
+ (0 @ L)) (I} @ Ua) (X ® |0°%0%| @ I,) (X @ Ug)(|0°tH) @ I,,)
— (07" ® L) (I @ Ua) (I @ [07X0 @ L) (X @ Up)(|0™") @ L)
=0l ® In)Ua(|0"X0% @ I, )Up(|0") ® In)
=({0% ® Im)UA(]0%) ® 1,,,)((0?| @ I, )Up(|07) @ 1)
=AB.

In a block-matrix representation the same proof can be described as follows. Let

Roo RgL Coo Co L)
Us = d Up = ,
A (RLO RLL) an B (CLO CLL

where A = Ry and B = Cyy, then

(It ® U4)(NTOFF, ® I,)(X ® Ug)

Roo RoL I Coo CoL
| Rio Ry I Cio C11
B Roo Roy || 1 Coo CoL

Rio Ryt I) \Cio C11

Roo Roy Coo CoL
| Rio R11 Cio C11
B Roo Roy Coo CoL

Rig Ri1) \Cio C11

AB x * %

. * ko ok ok
Tl ok ok % %
* ko ok ok



