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Exercises

1.) Let A =

(
0 1
0 0

)
and B =

(
0 1
1 0

)
.

a.) What is the singular value decomposition of A?

b.) Give a singular value decomposition of B!

c.) What is the eigenvalue decomposition of B?

d.) Give a singular value decomposition of B where the right singular vectors coincide with the
eigenvectors!

2.) Let A = U †ΣV =
∑m

i=1 σi|ui〉〈vi|, where ui, vi are the columns of the unitaries U, V and σ1 ≥
σ2 ≥ . . . ≥ σm ≥ 0 are the singular values of A. Prove that A†A =

∑m
i=1 σ

2
i |vi〉〈vi|.

3.) We know that every Hermitian matrixH ∈ Cn×n has a decomposition of the from
∑n

i=1 λi|ψi〉〈ψi|,
where λi ∈ R and 〈ψi|ψj〉 = δij . Prove that every A ∈ Cm×n has a singular value decomposition.

4.) Let R : |0〉|i〉 7→ |Ai.〉|i〉
‖Ai.‖ and C : |0〉|j〉 7→ |j〉|a〉

‖a‖ , where |a〉 =
∑m

i=1 ai|i〉 is the vector of row norms

of A such that ai = ‖Ai.‖. Show that U = R†C is a block-encoding of A/‖A‖F .

5.) Show that U †(2|0〉〈0| ⊗ I2 − I12)U is a block-encoding of 2 A†A
‖A‖2F

− I if U is a block-encoding of

A/‖A‖F :

U =

(
A/‖A‖F .

. .

)
.

6.) (Quantum rejection sampling) Suppose you have a quantum state
∑m

i=1

√
pi|i〉 and we have a

distribution q such that q ≤ c · p. Show that you can prepare the state
∑m

i=1

√
qi|i〉 with O(

√
c)

queries for an oracle O : |i〉|0〉 7→ |i〉|qi/pi〉 that outputs the ratio qi
pi

as a fixed point binary
number.

7.) (SWAP test) Suppose you get quantum states from a source such that either

� every time you get the same (unknown) quantum state |ψ〉
� every time you get |i〉 for a uniformly random i ∈ 0, 1, . . . , n− 1.

Request two quantum states from the source and append an ancilla qubit in the |+〉 = |0〉+|1〉√
2

state. Controlled by the ancilla qubit SWAP the two copies. Measure the ancilla qubit in the
|±〉 basis. What is the probability of the + outcome in the above two scenarios?

8.) [dW19, Chapter 18 Exercise 7]
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